RELATIVELY HYPERBOLIC CONVEX CO-COMPACT GROUPS
(EXPOSITORY NOTE ON MY JOINT WORK [1Z23])

MITUL ISLAM

ABSTRACT. This note provides a simplified account of the paper [IZ23] in the context of convex co-compact
groups. The paper [IZ23] works in the very general context of naive convex co-compact groups which
introduces many technical complications, making our paper quite long. In this note, we restrict ourselves
to only convex co-compact groups and, as a result, obtain a more concise presentation. We write this note
hoping to convey the main ideas underlying [IZ23] in a more streamlined way. This simplified treatment
already appears in my thesis [Is]21] and this note is not intended for publication.
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1. INTRODUCTION

The notion of convex co-compact subgroups of PGL4(R) generalize convex co-compact Kleinian groups
from the rank one Lie group SO(d,1) (d > 2) to higher rank Lie groups like PGL4(R) for d > 3. We now
define convex co-compact groups.

Definition 1.1 ([DGK17]). A discrete subgroup I' < PGL4(R) is called convex co-compact if:

(1) there exists a properly convex domain Q C P(R?) such that ' < Aut(2), and
(2) the set Co(T') C Q is non-empty and I' acts co-compactly on Cq(T'), where Cq(T') is the convex hull
in Q of the full orbital limit set £&"(T) := J,cq Tz \ T'z).

Since the €2 in the definition of convex co-compact groups is not canonical, we will remove this ambiguity
by explicitly mentioning the properly convex domain wherever necessary, i.e. we will say that “T" < Aut(Q)
is a convex co-compact group” instead of “I' is a convex co-compact group”.

A recent result of Danciger-Guéritaud-Kassel, independently Zimmer, establishes a connection between
the Hilbert geometry of the properly convex domain (Cq(I"), dq) and Anosov representations. More precisely,
they prove the following.

Theorem 1.2 ([DGK17, Zim21]). Suppose Q) is a properly conver domain and I' < Aut(Q) is a convex
co-compact group. Then the following are equivalent:

(1) (Ca(T),dq) is a Gromouv hyperbolic space,

(2) T is a Gromov hyperbolic group, and

(3) the inclusion T' — PGL4(R) is a projective Anosov representation.

Anosov representations are a class of representations of Gromov hyperbolic groups into real semi-simple
Lie groups that generalizes classical Teichmiiller theory, i.e. the study of discrete faithful representations of
hyperbolic surface groups into PSLo(R). They are discrete faithful representations that have good dynamical
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and geometric properties. Introduced by Labourie [Lab06] and studied subsequently by many authors, this
area has received much attention lately, see for instance [GGKW17, KLP17, BIW14, Poz19].

The above Theorem 1.2 can be interpreted as a way of associating convex projective structures to projective
Anosov representations. This opens up a more geometric way of thinking about Anosov representations. In
their paper, Danciger-Guéritaud-Kassel asked the following natural question [DGK17, Appendix A, Question
A.2] for relatively hyperbolic groups (see Appendix A).

Question 1. What geometric conditions on Cq(T') will correspond to T relatively hyperbolic with respect to
virtually Abelian subgroups of rank at least two?

By virtue of Theorem 1.2, this question can be interpreted as seeking a generalization of projective Anosov
representations to relatively hyperbolic groups. Note that the current definition of Anosov representations
work only for Gromov hyperbolic groups and generalizing it beyond Gromov hyperbolicity is an area of
active research, see for instance [Kasl8, Guil9]. The notion of relative Anosov representations due to [KL18]
and [Zhu22] provide an approach. But we note that those approaches do not provide an answer to the above
question. Indeed, the peripheral subgroups in the work of [KL18, Zhu22] consist of unipotent elements while
it is easy to verify that convex co-compact subgroups cannot contain unipotent elements other than the
identity.

There are many interesting examples of convex co-compact groups coming from Coxeter groups and 3-
manifold theory that satisfy the conditions in Question 1, see for instance Figure 1 or the papers [Ben06,
BDL18, CLM16, DGK17].

FIGURE 1. Examples of three-dimensional properly convex domains 2 that admit co-
compact action by I where the groups I' are relatively hyperbolic with respect to subgroups
virtually isomorphic to Z? [RSST19]

We answer Question 1 in joint work with A. Zimmer in [IZ23] by introducing the notion of properly convex
domains with strongly isolated simplices, see Definition 3.1 and the figure below. We will now introduce the
definition here. We will say that a properly embedded simplex is maximal if it is not properly contained
in any other properly embedded simplex. Note that this notion of maximality does not mean that we are
looking only at simplices of the maximal possible dimension.

Definition 1.3 ([IZ23, Definition 1.15]). Suppose I' < Aut(Q) is a convex co-compact group and Sr is
the collection of all maximal properly embedded simplices in C of dimension at least two. We will say
that (Cq(T),dq) has strongly isolated simplices provided: for any r > 0, there exists D(r) > 0 such that if
51,55 € § are distinct, then

diamg (N (S1;7) N N (Sa;7)) < D(r).
We answer Question 1 by proving a theorem connecting relative hyperbolicity (with respect to virtually

Abelian subgroups of rank at least two) of a convex co-compact group and properly convex domains with
strongly isolated simplices. The precise statement is as follows.
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FIGURE 2. The figure on the left is a maximal properly embedded 2-simplex. The figure on
the right is the illustration of the condition: strongly isolated simplices.

Theorem 1.4 ([1Z23, Theorem 1.7]). Suppose Q@ C P(R?) is a properly conver domain, T < Aut(f) is
a convex co-compact group, and Sr is the family of all maximal properly embedded simplices in Co(T) of
dimension at least two. Then the following are equivalent:

(1) (Ca(T),dq) has strongly isolated simplices,

(2) (Ca(T),dq) is a relatively hyperbolic space with respect to Sr,

(8) T is a relatively hyperbolic group with respect to a collection of virtually Abelian subgroups of rank
at least two.

Theorem 1.4 can be viewed as a real projective analogue of a CAT(0) result. In [HK05], Hruska-Kleiner
study CAT(0) spaces with isolated flats and proves an analogoues result in that setting. In this analogy,
maximal properly embedded simplices correspond to maximal totally geodesic flats in CAT(0) spaces (see
[IZ21, Ben04]).

We also establish some finer geometric properties of Co(I') when I' < Aut(2) is a convex co-compact
group and (Cq(T"),dq) has strongly isolated simplices. We will need some terminology to state the theorem

precisely. The ideal boundary of Cq(I") is defined as 9; Co(T") := Cq(I')NOLQ, i.e. it is the part of the boundary
of Cq(T) that is at “infinity” in (Cq(T'),dq). If C C Q is a convex subset and = € C, then

Fo(z) = {z} U{y € C : 3 an open line segment in C containing both = and y}.

Theorem 1.5 ([I1Z23, Theorem 1.8]). Suppose I' < Aut(Q) is a convex co-compact group and (Co(T),dq)
has strongly isolated simplices. Then
(1) T has finitely many orbits in Sp.
(2) If S € Sr, then Stabr(S) acts co-compactly on S and contains a finite index subgroup isomorphic to
ZF where k = dim S.
(8) If A <T is an infinite Abelian subgroup of rank at least two, then there exists a unique S € Sr with
A < Stabr(S).
(4) If S € St and x € 05, then FQ(.’L‘) = FCQ(F)(J:) = Fs(m)
(5) If S1,S2 € Sr are distinct, then #(S1 N S3) <1 and S1 N ISy = 0.
(6) If £ C 0;Cq(T) is a non-trivial line segment, then there exists S € Sp with £ C 05S.
(7) If z,y,z € 0;Cq(T") form a half triangle in Cq(T) (i.e. [z,y] Uy, 2] C 0;Ca(T) and (z,z) C Ca(T")),
then there exists S € Sp such that x,y,z € 0S.
(8) If x € 8;Cq(T) is not a Ct-smooth point of O (i.e. 2 does not have a unique supporting hyperplane
at x), then there exists S € Sp with x € JS.

2. PRELIMINARIES

2.1. Properly Convex Domains and Hilbert Geometry. A subset C' C P(R?) is:

(1) properly convex if there exists an affine chart A of P(R?) where C' C A is a bounded convex subset.
(2) a properly convex domain if C is properly convex and open in P(R%).

Given a properly convex set C' C P(R?) and a subset X C C, we define its conver hull as
ConvHullg(X) :=N{Y : Y is a closed convex subset such that X C Y C C}.
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A line segment in P(R?) is a connected subset of a projective line. Given two points x,y € P(R?) there
is no canonical line segment with endpoints = and y, but we will use the following convention: if C' C P(R?)
is a properly convex set and z,y € C, then (when the context is clear) we will let [x,%] denote the closed
line segment joining 2 to y which is contained in C. In this case, we will also let (z,y) = [z,9] \ {z,v},
[z,y) = [z, 9] \ {y}, and (z,y] = [z,y] \ {=}. _

Suppose that  C P(R?) is a properly convex domain. If 2,y €  are distinct, let [a, b] := P(Span{z,y})NQ
where a and b labelled such that « € [a,y] (i.e. the points are ordered a,x,y,b along [a,b]). Then the the
Hilbert distance between z and y is defined to be

dQ(Iv y) = % log[av z,y, b]
. |z=blly—al
T Jz—ally=0|
contains a,z,y,b). Then (,dq) is a complete geodesic metric space and Aut({2) acts properly and by
isometries on € (see for instance [BK53, Section 28]). Further, the projective line segment [z, y] is a geodesic
for the Hilbert distance.

Convexity is preserved under taking r-neighbourhoods in the Hilbert metric of closed convex sets. If
C C Q is a closed convex set and r > 0 then N (C;r) := {x € Q: dq(x,C) < r} is a convex set [CLT15,
Corollary 1.10]. The corresponding closed neighbourhood of C, i.e. Nq(C;r), is also convex.

Consider the equivalence relation ~q on € is given by: = ~q v if and only if there exists an open projective
line segment in € containing = and y. The equivalence class of x € Q is denoted by Fq(x) [CM14, Section
3.3]. The following results are simple consequences of convexity, see for instance [IZ21, Isl|.

where [a, z,y, ] is the cross ratio (here || is some (any) norm in some (any) affine chart which

Proposition 2.1.
(1) Fa(x) is open in its span.
(2) Fqo(x) = Q whenever € Q and Fo(x) C 9Q whenever x € OS).
(3) y € Fa(x) if and only if x € Fo(y) if and only if Fo(z) = Fa(y).
(4) Suppose x,y € Q, p € Fo(x), q € Fa(y), and z € (z,y). Then

(p,q) C Fa(z).

In particular, (p,q) C Q if and only if (z,y) C Q.
(5) If y € OFq(x), then Fq(y) C 0Fq(z),

Proposition 2.1 shows that Fq(z) is a relatively open convex subset of 92 for all x € 9. Thus F(z) can
be equipped with a Hilbert metric dg,,(,) for any x € 9Q. We will now state some estimates that relate the
Hilbert metric in the interior of Q with the Hilbert metric on the faces Fq(z). These results are elementary
and can be found in many places, for instance [[Z21].

Proposition 2.2. Suppose {x,} is a sequence in Q and x, — x € Q. If {yn} is another sequence in €2,
Yn =y € Q, and

liminf do (2, yn) < +00,
n—roo

then y € Fo(z) and

Corollary 2.3. Suppose A, B C Q be non-empty subsets such that A C No(B;r) for somer > 0. Ifa € A,
then there exists b € B such that a € Fo(b) and dp,e)(a,b) < r.

Corollary 2.4 ([DGK17, Corollary 3.5]). Suppose Q C P(RY) is a properly conver domain, y € 952, and
{ym} and {z,} are two sequences in Q. If ym — y and dq(Ym, zm) — 0, then z, — y.

Lemma 2.5 ([Cra09, Lemma 8.3]). Suppose that o1,09 : [0,T] — Q are two unit speed projective line
geodesics, then for 0 <t < T,

da(01(t), 02(t)) < da(e1(0),02(0)) + da(o1(T), 02(T)).

We introduce two metric geometric tools: closest-point projection and center of mass.
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Definition 2.6. Suppose Q C P(R?) is a properly convex domain and A C €2 is a non-empty closed convex
set. If p € Q, the closest-point projection of p on A is

7a(p) == AN Ba(p,da(p, A)).

If p e Q, ma(p) is a compact convex set. Moreover, if g € Aut(Q2), then goms =144 0 g.
There is a notion of “center of mass” for compact subsets of a properly convex domain. Let Ky denote
the set of all pairs (2, K) where Q C P(R?) is a properly convex domain and K C ) is a compact subset.

Proposition 2.7 ([I1Z21]). There ezists a function
(0, K) € Kg — CoMq(K) € P(R?)

such that:

(1) CoMq(K) € ConvHullg(K),
(2) CoMq(K) = CoMgq(ConvHullg(K)), and
(3) if g € PGL4(R), then gCoMq(K) = CoMyq(9K),

for every (2, K) € Kq.

2.2. Dynamics of Automorphisms in Hilbert Geometry. If g € GL4(R), let A\1(g), A2(9), ..., Aa(g)
denote the absolute values of eigenvalues of g (over C), indexed such that

A(g) = Aa(g) = ... > Aalg).

In particular, we will use the notation Apax(g) :== A1(g) and Anin(g) := Aa(g). If h € PGL4(R), we define

where h € GL4(R) is some (hence any) lift of h.

Proposition 2.8 ([CLT15]). Suppose Q is a properly convex domain and g € Aut(2). Then the translation
length of g, defined as

ral9) = inf do(e, ga).
is given by
Ta(g) = log (;;(Q) :
The next two results relate the faces of a convex domain with the behavior of automorphisms.
Proposition 2.9 ([1Z21]). Suppose Q@ C P(R?) is a properly convexr domain, py € 2, and g, € Aut(f2) is a

sequence such that

(1) gn(po) — = € 09,
(2) g7 (po) — y € 99, and
(3) gn converges to T in P(End(R%)).

Then image(T) C Span Fq(z), P(ker T) NQ =0, and y € P(ker T').
Given a group G < PGL4(R) define G 10 be the closure of the set {g € GL4(R) : [g] € G} in End(R?).

Proposition 2.10 ([1Z21]). Suppose Q C P(RY) is a properly convexr domain, C C Q is a non-empty closed
conver subset, and G < Stabq(C) acts co-compactly on C. If x € 8;C, then there exists T € éEnd such that
(1) PlkerT) N Q2 =0,
(2) T(Q) = Fo(x), and
(8) T(C) = Fqo(x)NoiC.
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2.3. (Local) Hausdorff topology. Let do™®" denote the Hausdorff distance on subsets of Q induced by
dq, that is: for subsets A, B C Q define

do™™*(A, B) = inf dg(a,b inf dg(a,b) ¢ .
o (A, B) maX{Sleng}gB a(a,b), sup inf, a(a, )}

Proposition 2.11. Assume p1,p2,q1,q2 € Q, Fa(p1) = Fo(p2), and Fo(q1) = Fal(ge). If (p1,q1) N # 0,
then (p2,q2) C 2 and

dg™ss ((ph q1), (p2, CI2)> < max{dg,(p,)(P1,P2), dry (1) (91, 92) }-

The local Hausdorff topology is a natural topology on the set of all closed subsets of 2 induced by the
Hausdorff distance do™"5. For a closed subset Coy C Q, 79,20 > 0, and zg € ©, define U(Co,10,€0,20) to
be the set of all closed subsets C' of € such that

Ao (Bg (0, 70) N C, Ba(o,70) N Co) < 0.
The local Hausdorff topology is the topology generated by U(:,-,-,-) on the set of closed subsets of .
2.4. Projective Simplices. For 0 < k < d, consider the following subsets of P(RY):
Sp={[z1: 1 @pp1:0: 0] €EPRY) r2y >0,...,25+1>0}.

A subset S C P(R?) is a k—dimensional simplex if there exists g € PGLg(R) such that S = ¢gSi. In this
case, the k points

g1:0:---:0},g[0:1:0:---:0],...,9[0:---:0:1:0:---:0] € 9S
are the vertices of S. We now discuss some basic properties of projective simplices (see [Nus88, Proposition

1.7], [d1H93], or [1Z23, Section 5]). Choosing suitable projective coordinates, we write a (d — 1) dimensional
projective simplex as

S = {[xl HERRE ] EIP(]Rd):xl >0,...,xd>0}.
The Hilbert metric on S can be explicitly computed as:
L L _ L %y
dg ([xl seeerxgl,fyr e yd]> = 123);15 ‘logyﬂj .

Let G < GL4(R) denote the group generated by the group of diagonal matrices with positive entries and the
group of permutation matrices. Then Aut(S) = {[g] € PGL4(R) : g € G}.

Proposition 2.12. If S C P(RY) is a simplex, then (S, Hg) is quasi-isometric to real Buclidean space of
dimension dim S.

We will frequently use the following observation about the faces of properly embedded simplices.

Observation 2.13. Suppose Q C P(RY) is a properly convex domain and S C § is a properly embedded
simplex. If x € 0S, then
(1) Fs(x) is properly embedded in Fq(x).
(2) Fs(x) = SN Fo(x).
The following lemma allows us to “wiggle” the vertices of a properly embedded simplex S and obtain a
new properly embedded simplex “parallel” to S.

Proposition 2.14 ([IZ23, Lemma 3.18]). Suppose that Q C P(R?) is a properly convex domain and S C
is a properly embedded simplex with vertices v1,...,v,. If w; € Fo(v;) for 1 < j <p, then

S":= QN P(Span{ws,...,w,})
is a properly embedded simplex with vertices wy, ..., w,. Moreover,
H aq
anusb (S, S') < fgja%{p dFQ(vj)(vja ’LUj).

Proposition 2.15. Suppose that Q C P(R?) is a properly convexr domain. The set of all properly embedded
simplices in ) of dimension at least two is a closed set in the local Hausdorff topology.
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2.5. Linear Projection on Simplices. In this section, we construct certain linear projection maps asso-
ciated to a properly embedded simplex in a properly convex domain. This notion was introduced in [1Z23]
and all results in this section appear in [IZ23].

Definition 2.16. Suppose that Q C P(R?) is a properly convex domain and S C ) is a properly embedded
simplex with dimS = (¢ —1) > 1. A set of co-dimension one linear subspaces H := {H,...,H,} is
S-supporting when:
(1) Each P(H;) is a supporting hyperplane of 2,
(2) If Fr,...,F, C 0S are the boundary faces of maximal dimension, then (up to relabelling) F; C P(H,)
forall 1 <j <gq.

Proposition 2.17 ([1Z23]). Suppose that Q@ C P(R?) is a properly conver domain, S C § is a properly
embedded simplex, and H is a set of S-supporting hyperplanes. Then
Span S @ (NgenH) = RY and Q NP (NgenH) = 0.
Using Proposition 2.17, we define the following linear projection.

Definition 2.18. Suppose Q C P(R?) is a properly convex domain, S C ) is a properly embedded simplex,
and H is a set of S-supporting hyperplanes. Define Lgy € End(R%) to be the linear projection

Span S @ (Ngen H) — Span S
We call Lg the linear projection of {2 onto S relative to H.

We now derive some basic properties of these projection maps. We use the notation
FQ(X) = UxeXFQ(ﬂf)
where Q C P(RY) and X C Q.

Proposition 2.19 ([IZ23]). Suppose Q C P(RY) is a properly convex domain, S C Q is a properly embedded
simplex, and H is a set of S-supporting hyperplanes. Then

(1) Lsu(22) = S.

(2) If 1 € QNP (NgenH) and y € S, then [z,y] C IN.

(3) P(NgenH) N Fo(dS) = 0.

For a general properly embedded simplex, there could be many different sets of supporting hyperplanes,
but the next result shows that the corresponding linear projections form a compact set.

Definition 2.20. Suppose that Q C P(R?) is a properly convex domain and S C € is a properly embedded
simplex. Define

Ls:={Lg : H is aset of S-supporting hyperplanes} C End(R%).

Proposition 2.21 ([1Z23]). Suppose that Q C P(R?) is a properly conver domain and S C § is a properly
embedded simplex. Then Lg is a compact subset of End(R?).

2.6. Convex Co-compact Groups and Flat Torus Theorem.

Definition 2.22. A discrete subgroup I' < PGL4(R) is called convex co-compact if:
(1) there exists a properly convex domain Q2 C P(R?) such that T' < Aut(2), and
(2) the set Cq(T") C Q is non-empty and T" acts co-compactly on Cqo(T'), where Cq(T") is the convex hull
in Q of the full orbital limit set £IP(T) := J,cq (Tz \T'z).

Remark 2.23. IfT' acts co-compactly on a properly convex domain 2, then Cq(I') = Q and I is a convex
co-compact group.

If T is convex co-compact, the boundary of Cq(T') splits into the ideal boundary 0; Cq(T) := 0Q NCq(T)
and the non-ideal boundary 0,Cq(T") := 9Cq(T) \ 8;Ca(T') = QN ICq(T"). We recall some results from
[DGK17] regarding properties of convex co-compact groups.

Theorem 2.24 ([DGK17]). Suppose T' < Aut(QY) is a convexr co-compact group. Then:

(1) Ca(T) is the minimal non-empty I'-invariant closed convex subset of Q,
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(2) LEO(T) = 8 Ca(T),
(3) if v € 0;Ca(T'), then Feyry(x) = Fa(z).

In joint work with A. Zimmer, we prove a key technical result concerning the Abelian subgroups of a
convex co-compact group [IZ21]. It is a convex projective analog of the well-known Flat Torus theorem in
CAT(0) geometry [BH99].

Theorem 2.25 (Convex Projective Flat Torus Theorem, [IZ21, Theorem 1.6]). Suppose that I' < Aut(f2)
is a convex co-compact group. If A < T is a maximal Abelian subgroup of I, then there exists a properly
embedded simplex S C Cq(T') such that

(1) S is A-invariant,

(2) A acts co-compactly on S, and

(3) A fizes each vertex of S.

Moreover, A has a finite index subgroup isomorphic to Z4™(S)

3. PROPERLY CONVEX DOMAINS WITH STRONGLY ISOLATED SIMPLICES

In this chapter, we will introduce a special class of properly convex domains called “properly convex
domains with strongly isolated simplices”. This definition is motivated by Hruska-Kleiner’s work on CAT(0)
spaces with isolated flats [HK05]. We will work with convex co-compact groups; recall the definition from
Section 2.6.

If Q' is a properly convex domain and S C €’ is a properly embedded simplex of dimension at least two,
then S is called maximal provided S is not properly contained in any other properly embedded simplex in
Q. If X CQ, let diamg(X) := sup,, ,,ex da(r1,22).

Definition 3.1 ([IZ23, Definition 1.15], see Fig. 2). Suppose I' < Aut(2) is a convex co-compact group and
Sr is the collection of all maximal properly embedded simplices in Cq(T") of dimension at least two.
(1) We will say that S C Sr is strongly isolated provided: for any r > 0, there exists D(r) > 0 such that
if §1,52 € § are distinct, then

diamg (N (S1;7) NN (S2;7)) < D(r).
(2) We will say that (Cq(T"),dq) has strongly isolated simplices if Sr is strongly isolated.

Observation 3.2. IfS C Sr is strongly isolated, then S is closed and discrete in the local Hausdorff topology
induced by dq.

Proof. See the proof of Proposition 3.3 part (1). |
Now we need to understand the geometric consequences of the property - “strongly isolated simplices”.

3.1. Geometric Properties: Proof of Theorem 1.5. In this section, we will prove the Theorem 1.5. It
establishes some key geometric properties of (Co(T"),dg) with strongly isolated simplices where T' < Aut(Q)
is convex co-compact. We will use this theorem in the next chapter for proving Theorem 1.4. We restate
Theorem 1.5 before beginning the proof.

Theorem 1.5 ([I1Z23, Theorem 1.8]) Suppose I' < Aut(Q) is a convex co-compact group and (Cqo(T'),dq) has
strongly isolated simplices. Then
(1) T has finitely many orbits in Sp.
(2) If S € Sr, then Stabr(S) acts co-compactly on S and contains a finite index subgroup isomorphic to
ZF where k = dim S.
(8) If A <T is an infinite Abelian subgroup of rank at least two, then there exists a unique S € Sr with
A < Stabp(9).
(4) If S € St and x € S, then Fo(x) = Fe, ) (z) = Fs(x).
(5) If S1,82 € Sr are distinct, then #(S1 N S2) <1 and S1 N IS, = 0.
(6) If £ C 0;Cq(T) is a non-trivial line segment, then there exists S € Sp with £ C JS.
(7) If z,y,z € 0;Cq(T) form a half triangle in Cqo(T) (i.e. [z,y] Uy, 2] C 0;Cq(T) and (z, z) C Cqo(T)),
then there exists S € Sr such that x,y,z € 0S.
(8) If x € 9;Cq(T) is not a C*-smooth point of O, then there exists S € Sp with x € 0S.
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For the rest of this chapter, fix a properly convex domain 2 C P(R?) and a convex co-compact subgroup

' < Aut(Q2). Let Sr denote the family of all maximal properly embedded simplices in Cq(T") of dimension
at least two. For ease of notation, we set C := Cq(T"). The proof of Theorem 1.5 is split into the next few
sections in the following order:

O parts (1) — (3) of is proven in Section 3.2,

O part (5) is proven in Section 3.3,

O part (4) is proven in Section 3.4

O parts (6) and (7) are proven in Section 3.5, and

O part (8) is proven in Section 3.6.

3.2. Maximal Simplices are Periodic. In this section we show that if (Cq(T"),dq) has strongly isolated
simplices, then each simplex S € Sr is periodic, i.e. Stabp(S) acts co-compactly on S.

Proposition 3.3 ([IZ23, Proposition 8.1]). Suppose (C,dq) has strongly isolated simplices. Then the collec-
tion St satisfies the following properties:

(1) Sr is closed and discrete in the local Hausdorff topology.

(2) Sr is a locally finite collection, that is, for any compact set K C ) the set {S € Sp: SN K #£ 0} is
finite.

(8) T has finitely many orbits in S.

(4) If S € Sr, then Stabr(S) acts co-compactly on S and contains a finite index subgroup isomorphic to
ZF where k = dim S.

(5) If A <T is an infinite Abelian subgroup of rank at least two, then there exists a unique S € Sr with
A < Stabr(S).

We spend the rest of this section proving this proposition. The proofs are almost analogous to results in the
CAT(0) setting, see Wise [Wis96, Proposition 4.0.4], Hruksa [Hru05, Theorem 3.7], or Hruska-Kleiner [HKO05,
Section 3.1].

(1) Suppose Sy, is a sequence in Sr that converges to S in the local Hausdorff topology. By Proposition 2.15,
S is a properly embedded simplex in 2 of dimension at least two. It is enough to show that S, = S for n
large enough.

Fix & > 0. Since Sr is strongly isolated, there exists D(g) > 0 such that: if S1,.S5 € Sr are distinct, then

diamg (Nq(S1;€) N Na(Ss;€)) < D(e).
Let r. := D(¢) + 1 and fix x € S. Since S,, — S, there exists Ny € N for all n > N,
A5 (S, N Bo(z,7.), S N Bo(x,r.)) < e.

Observe that there exists x1,x2 € S such that (z1,z2) C SN Bq(z,r:) and do(z1,x2) = .. Thus, for any
m # n > Ny,

(z1,72) C Na(Sn;e) N Nq(Sm;e).
Thus
diamg (No(Sn;€) NNa(Sm;e)) > re > D(e)

implying that S, = .S, for all m,n > Ny. Thus S,, = S for all n large enough.
(2) Follows from part (1).

(3) Follows from part (2).

(4) Fix S € Sr and a compact set K C €. Let

X:={geTl:SNngK # 0}.
Then S = UgexSNgK. Since (g71S) N K # () when g € X, Part (2) implies that the set
{g7'S:gc X}

is finite. Since g71S = h~1S if and only if gh=! € Stabr(9) if and only if Stabp(S)g = Stabr(S)h, there
exists g1,...,9m € X such that

U Stabr(S)g = U Stabr(5)g;.

geX J=1
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Then the set K := UM,5 N g; K is compact and
Stabp(S) - K = UyexSNgK = S.

So Stabr(.S) acts co-compactly on S.

It is now easy to show that Stabp(S) contains a finite index subgroup isomorphic to ZIm(S),
(5) This is a straightforward application of the convex projective Flat Torus Theorem. Suppose A>A
is a maximal abehan subgroup containing A. By Theorem 2.25, there exists Se Sr such that A acts co-
compactly on S. Thus A < Stabp(S ). If A preserves another simplex, then it violates the strong isolation
property because A is infinite. Thus S is the unique properly embedded simplex preserved by A.

3.3. Intersections of Simplices. This result follows easily from the strong isolation property.

Proposition 3.4 ([1Z23, Section 12]). Suppose (C,dq) has strongly isolated simplices. If S1,S2 € Sr are
distinct, then #(S1 N S2) <1 and 8S1 N dSy = 0.

Suppose ¢ # y € S1 N S2. Let (x1,y1) C S1 be the maximal projective line segment in S; containing
[,y]. By convexity, (x1,y1) C S1 N S2. However diamq((x1,y1)) = oo which implies S; = Sy since Sr is a
strongly isolated. This is a contradiction.

For the second part, suppose y € 351 N 9Sy. Let p; € S7 and py € S3. By Proposition 2.11

A" ([p1,y), [p2,y)) < R := da(p1, pa)-
Then,
[p1,y) C S1 N No(Se; R).
As Sr is strongly isolated, if S7 and S are distinct, then there exists D(R) > 0 such that
diamg (Nq(S1; R) N No(S2; R)) < D(R) < cc.

But diamg(p;1,y) = co. Thus S; = Ss, a contradiction.

3.4. Boundary Faces of Simplices. In this subsection, we will prove the following result about boundary
faces of simplices.

Proposition 3.5 ([IZ23]). Suppose (C,dq) has strongly isolated simplices. If S € Sp and x € 0S, then
FQ(.%‘) - Fc(x) = Fs(a',‘)

Fix S € Sr and « € 0S. By Theorem 2.24 part (3), Fqo(x) = Fe(x). So it is enough to show that
Fs(x) = Fe(x). Also observe that if dim(Fe(z)) = 0, then Fe(z) = Fs(z) = {2} and the result is immediate.
So, without loss of generality, we can assume that dim(Fe¢(z)) > 1.

In order to prove this theorem, it is enough to show that F¢(x) C 0Fs(x). Indeed,

Fe(x) = rel-int(ConvHullg (0F¢(x)))
and
Fs(z) = rel-int(ConvHullg (0Fs(x))).

So, dF¢(x) C OFs(x) implies that Fe(z) C Fg(x). On the other hand, Fs(x) C Fe(x) since S C C. This
shows that proving 0F¢(z) C 9Fs(x) is enough to prove the theorem.

In order to prove dF¢(z) C OFs(x), we will require the following general result about convex co-compact
groups. Note that the following lemma does not require the assumption that Sr is strongly isolated.

Lemma 3.6. Suppose w € 9;C with dim(F¢(w)) > 1 and w' € 0; Fe(w). For any r,e > 0 and p € C, there
exists N > 0 such that: if y € (w,w") with dp, @ (w,y) > N, then there exists p, € [p,y) such that whenever

q € [py,y),
P(Span{w, w’,p}) N Ba(q,r) C Na(Sge).

for some S, € Sr.
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Proof of Lemma 3.6. Suppose this fails. Then there exist r,e > 0 and p € C such that: if n > 1, there exist
Yn € (w,w') with dp, w)(w, yn) > n and gum € [p,Yn) With lim,, o0 Gn,m = yn such that

(1) P (Span{w, ', p}) N Ba(gn,m,7)  Na(S;e)
for any properly embedded simplex S € Sr. By Proposition 2.2,
lim inf dg (gn,m. [p, w] U [p, w']) = dpg(w) (Un, w) = 1.
Then for each n, we choose m,, large enough such that
(2) da(gnm,, [p, w] U [p,w']) = n.

Set ¢, := Gn,m., -
Since I' acts co-compactly on C, we can pass to a subsequence and choose ,, € I such that v,q), — ¢., € C.
Up to passing to another subsequence, we can assume that

', Y0, YuDs YnYn — Wh, Wo, Po, Yoo € C.
By construction and by Equation (2),
[po, wp) U [w, wo] U [wo, po] C ;i C.
But (po, Yoo) C C since ¢/, € (Po; Yoo) NC. Thus,
S := rel-int (ConvHull{wq, wj, po})
is a properly embedded two dimensional simplex in C. Note that
S, := rel-int (ConvHull{ v, w, y,w', ynp})
converges to S in the local Hausdorff topology. Thus, for n large enough,
do"™™"® (Ba(ghe, ) N S, Ba(dhe,m) N Sy) < /2.
Since Ynql, = 4,
A" (Ba(gkes ), Ba(Yndy: ) < £/2
when n is large enough. Thus, for large enough n,
do™ (Bo(q'y,m) NS, Ba (g, ™) N Sy) < €.
Since ¢/, € S, this implies that
Bo(dr, ) Ny, S € Na(vy, ' Sse).
Now observe that
Bal(d,, ) Ny, 1S, = Ba(q,,r) NP (Span{w,w’, p}).
Thus, for n large enough,
Bal(q,,m) NP (Span{w, w’, p}) C Na(v;, 'S;e).
Let §n € Sr be a maximal properly embedded simplex such that v, 1S C §n Thus,
Ba(d,,r) NP (Span{w,w’,p}) C No(Sn;e)
This contradicts Equation (1) and concludes the proof of this lemma. O
>

Now we finish the proof of Proposition 3.5. We want to prove 0F¢(z) C 0Fs(z). Recall that dim(Fe(x))
1 which implies that 0F¢(z) # 0. Let 2’ € OF¢(x). We will show that 2’ € 0Fg(z).

Fix ¢ > 0. Since (C,dg) has strongly isolated simplices, there exists D(g) > 0 such that: if S7, Sy € Sp
are distinct, then

(3) diamg (N (S1;€) N Na(S2;€)) < D(e).
Fix R. := D(e) + 1. Fix p € S. Applying the above Lemma 3.6 with R.,e and p, we get N > 0 which

satisfies the conclusions of the lemma. Choose y € (z,2’) such that dg,(,)(z,y) > N. Then there exists
Py € [p,y) such that whenever ¢ € [py,y), there exists S; € Sr such that

P(Span{z,z’,p}) N Ba(q,r) C Na(Sg:€).
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Pick a sequence g, € [py,y) with ¢, — y such that do(gn,gn+1) = R for all n > 1. There exist properly
embedded simplices S,, such that
P(Span{z,z’, p}) N Ba(gn, Re) C No(Sn;e)
for all n > 1. Then, for n > 1,
(@n; @n+1) C Balgn, Re) N Ba(gnt1, Re) NP (Span{z, ', p})
C Na(Sn;e) N Na(Sn+1;€).
Thus
diamg (No(Sn;e) N No(Snt15€)) > dal(gn, gny1) = Re > De.
Then Equation (3) implies that S,, = S, 41 = S’ for all n > 1. Thus,
(4) [Py, y) C Na(S%¢).
Let p, € S be such that do(p,,py) = da(py,S). Then Proposition 2.11 implies that
Ao ([ps, 2), [y, y)) < Ro = max{da (pz, py), A () (#,9)}-
Then equation (4) implies that
[pz,z) C SNN(S"; Ry + €),
that is, diamg (S N N (S’; Ry + €)) = co. This violates equation (3) unless S = S’. Thus, by equation (4),
[py,y) C Na(S;e).
Then, by Corollary 2.3, there exists a, € 95 such that y € Fn(a,) and
dro(y) (s ay) = dpg @) (Y, ay) <e.

Note that this is true for any y € (z, ) with dpg,z)(2,y) > N (here N depends on ¢, see Lemma 3.6). Thus,
for m > 1, we can find a sequence ¥, € (z,2’) and a,, € 9S with y,, — 2’ and dg, () (Ym,am) < 1/m.
Then, by Corollary 2.4, lim,, o @, = 2. Thus, 2’ € 35S N OFo(x) = OFs(x). This finishes the proof.

3.5. Lines and Half Triangles in the Boundary.

Proposition 3.7 ([IZ23]). Suppose (C,dq) has strongly isolated simplices. If £ C 0;C is a non-trivial line
segment, then there exists S € Sp with £ C 0S.

Proof. We can assume that £ is an open line segment with =’ as one of its endpoints. Fix some z € £, that
is £ C Fe(x). Then 2’ € 0; Fe(x). Now fix e > 0 and p € C. Since (C,dgq) has strongly isolated simplices,
there exists D(g) > 0 such that: if Sy, Ss € Sr are distinct, then

(5) diamg (Mo (S1;€) NNq(S2;¢€)) < D(e).

Fix r. = D(e) + 1. Applying Lemma 3.6 with 7, ¢, and p, let N > 0 be such that it satisfies the conclusions
of the lemma. Choose y € £ with dp,(,)(z,y) > N. Then there exists p, € [p,y) such that: if ¢ € [py,y),
there exists S, € Sr such that

P(Span{z, 2, p}) N Ba(q,re) C Na(Sq; ).

Pick a sequence ¢,, € [py,y) with ¢, — y such that do(gn, gnt1) = r-. Let S, € Sr be such that
P(Span{z,z’, p}) N Ba(gn,7:) C Na(Sn;e).

Then

(qn>Qn+1) - Bﬂ(qnare) N BQ(qn+17r€) np (Span{m,x’,p})
C NQ(Sn; 6) ﬂ./\fQ(Sn+1; 6).
Thus,
diamg (Mo (Sn;€) NNa(Spi1;€)) > re = D(e) +1 > D(e)
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Then equation (5) implies that S, = Sp,41 = S for all n > 1. Then {g, : n > 1} C Nq(S;e). Then
Corollary 2.3 implies that y € Fq(c) for some ¢ € 9S. As ¢ € 95, Proposition 3.5 implies that Fq(c) =
Fs(e) C 9S. Since y € Fq(x), this implies that

FQ(J?) = FQ(y) = FQ(C) C 08S.

Finally, since ¢ C Fq(x),
¢ CoS. O

Proposition 3.8 ([IZ23]). Suppose (C,dq) has strongly isolated simplices. If x,y,z € 8;C form a half
triangle in C, then there exists S € Sr such that z,y,z € 0S.

Proof. By Proposition 3.7, there exist S7,S2 € Sr such that [z,y] C 951 and [y,z] C 9S3. Thus y €
051 N 3S5. Then Proposition 3.4 implies that S; = S; = .S. Hence z,y,z € 0S. O

3.6. Corners in the Boundary. A supporting hyperplane of 2 at z € 91 is a co-dimension one projective
subspace P(H) such that P(H)NQ = ) and 2z € P(H)NQ. We will say that a point z € ; C is not C''-smooth
if Q does not have a unique supporting hyperplane at z. We will show that such a point is necessarily
contained in the boundary of a properly embedded simplex.

Proposition 3.9 ([1Z23]). Suppose (C,dq) has strongly isolated simplices. If z € 0;C is not a C*-smooth
point of 0F2, then there exists S € Sp with z € 9S.

In order to prove this, we first establish the following lemma about general convex co-compact subgroups.
Note that this lemma does not require that Sr is strongly isolated.

Lemma 3.10 ([1Z23]). Suppose that z € 0;C is not a C*-smooth point of 9Q and q € C. For any r > 0 and
€ > 0 there exists N > 0 such that: if p € [q,2) with da(q,p) > N, then there exists a properly embedded
simplex S, C C of dimension at least two such that

(6) Ba(p;r) N (2,q] € Na(Sp;e).

Proof. Fix r > 0 and ¢ > 0. Suppose for a contradiction that such a N does not exist. Then we can find
Pn € (2, ¢q] such that lim,_,o p, = z and

Ba(p,r) N (2;q] ¢ Na(S;e)

for any properly embedded simplex S in C of dimension at least two.
We can find a 3-dimensional linear subspace V' such that (z,q] € P(V) and z € &;C is not a C*-smooth
boundary point of P(V) N Q2. By changing coordinates we can suppose that

PV)=A{[w:xz:y:0:---:0]: w,z,y € R},
PV)NQC{[l:z:y:0:---:0]:x R, y>|z|},
z=[1:0:0:---:0], and

g=[1:0:1:0---:0].
We may also assume that P(V) N2 is bounded in the affine chart
{l:z:y:0:---:0]: 2,y € R}
Then

Prn=1[1:0:9,:0:--:0]

where 0 < y,, < 1 and y,, converges to 0. Let
L, ={1l:2:y,:0:---:0:2 € R}NQ.
By passing to a subsequence we can suppose that (y,),>1 is a decreasing sequence and
(7) im_da(pu, Lu-1) = oc.
Then
Yn—1

lim =00
n— o0 yn
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Let an, by, € 0 be the endpoints of L,, = (ay,b,). We claim that

(8) Tim dg (pn, (2,00-1)) = 00 = lim_d (pns (2:00-1) )
Consider g, € PGL(V') defined by
1 1
gn(fw:z:y:0:---:0]) = [w:x:y:---:O}.
Yn Yn

Since (yn)n>1 is a decreasing sequence converging to zero, D,, := g,(P(V) N Q) is an increasing sequence of
properly convex domains in P(V') and

D:=Uy>1D,C{l:z:y:0:---:0:x R, y>|z|}

is also a properly convex domain. Notice that dp, converges to dp uniformly on compact subsets of D.
Also, by construction, there exist ¢ < —1 and 1 < s such that

D={1:z:y:0:---:0]:z €R, y>max{sz,tx}}.

Then a, = [1:t;'yn 1 yn : 0:...: 0] where t,, — t.
Now pick v, € (z,a,-1) such that

dg (pn, (z;an,l)) = da(pn,vn).

Since

: _ 1 =1 Ynm1 Yn1 o0 ol gl 1.0- ...

lim g,a,_1 = lim [1.15”1 : .O.....O]—[O.t :1:0:---:0]
any limit point of g,v, is in

{o:t7 o100 yU{l:rt ir:0:---:0:7 >0} CID.
Then
Jim_dg (pn, (z,anq)) = lim dq(pn,vs) = lim dp, (gnpn,gnvn) =00

since gppn, = [1:0:1:0:---:0] € D.

For the same reasons,

lim dg (pn, (z,bn,l)) = 00.

n—oo

This establishes Equation (8).

Next we can pass to a subsequence and find ~, € I' such that v,p, — pe € C. Passing to a further
subsequence we can suppose that v,0,-1 — toos Ynbn—1 = boo, YnZ — Zoo, aNd V@ = oo-

Equation (7) implies that [aeo, boo] C 02 and Equation (8) implies that

[200, Goo] U [Zoo, boo] C OS2

Thus @eo, boo, 200 are the vertices of a properly embedded simplex S C 2 which contains py,. Further, for n
sufficiently large we have

Ba(Ynpn, ) N n(z,q] € No(Sse)
and so
Ba(pn,r) N (2,q] C NQ(’V;ls; €).

To obtain a contradiction we have to show that v, 1S C C for every n or equivalently that S C C. By
construction, goo € 9;C N (G0, boo ). Then Theorem 2.24 implies that

(aooaboo) C FQ(QOO) = FC(QOO) C 816

Thus [aoo, boo] C 0, C. Since zo, € 0;C and S has vertices aoo, boo, 200 We then see that S C C. O
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We now finish the proof of Proposition 3.9. The strategy is similar to the proof of Proposition 3.7. Fix
e >0and g € C. Since (C,dq) has strongly isolated simplices, there exists D. > 0 such that: if 57,55 € Sp
are distinct, then

(9) diamg (No(S1;€) N Na(S2;€)) < D(e).

Fix r. := D(e) + 1. Applying the above Lemma 3.6 with r.,e and ¢, we get N > 0 which satisfies the
conclusions of the lemma. Pick a sequence z, € [q,z) with 2z, — 2z, do(2n, 2nt1) = 76, and do(q, z,) > N
for n > 1. Then, for each n > 1, there exist S,, € Sr such that:

[q,2) N Ba(2n,7e) C Na(Sn;e).
Then, if n > 1,
(zny 2n+1) C Ba(zn,re) N Ba(znt1,7e) N g, 2)
C Na(Sn;e) NNa(Snt1;€).
Thus
diamg (No(Sn;e) NN (Snt1;€)) > dalzn, 2ne1) = 1e > De.

Then Equation (9) implies that S, = S, 41 = S for all n > 1. Thus {z, : n € N} C Nu(S;¢e). Corollary
2.3 then implies that there exists ¢ € 95 such that z € Fg(c). As ¢ € 95, Proposition 3.5 implies that
Fa(c) = Fs(c) C 9S. Thus, z € 9S.

4. RELATIVE HYPERBOLICITY, CONVEX CO-COMPACTNESS, AND STRONGLY ISOLATED SIMPLICES
This section is devoted to the proof of Theorem 1.4 which we now restate.

Theorem 1.4.([IZ23, Theorem 1.7]) Suppose Q C P(RY) is a properly conver domain, I' < Aut(Q) is
a convex co-compact group, and Sr is the family of all maximal properly embedded simplices in Co(T) of
dimension at least two. Then the following are equivalent:

(1) (Ca(T),dq) has strongly isolated simplices,

(2) (Ca(T),dq) is a relatively hyperbolic space with respect to Sr,

(8) T is a relatively hyperbolic group with respect to a collection of virtually Abelian subgroups of rank
at least two.

The most difficult part of the proof is (1) implies (2). This is done in Section 4.2. For this proof, we
rely on Sisto’s characterization of relative hyperbolicity (cf. Theorem A.8). A key ingredient of this proof
is the notion of closest-point projection onto properly embedded simplices in Cqo(I") (cf. Definition 2.6) and
its comparison with linear projections on simplices (cf. Definition 2.18). Results proven in Section 4.1 play
a key role in Section 4.2.

The proof of (3) implies (1) is also quite involved since we have to prove that Cq(T) is relatively hyperbolic
with respect to the collection of all simplices in Sp. This is done in Section 4.5. The rest of the parts of the
proof of Theorem 1.4 is also in this section.

4.1. Closest-point Projections on Simplices. For the rest of this section fix a convex co-compact group
I < Aut(Q). Set C :=Cq(T") and S := Sp. We will assume that (Co(T),dq) has strongly isolated simplices
for rest of this section.

Suppose S is a properly embedded simplex in C. Since S is a closed convex subset, we can follow Definition
2.6 and define the closest-point projection onto S. We will denote it by mg. On the other hand, if H is a
set of S-supporting hyperplanes, then we have a notion of linear projection onto S which we will denote by
Lg 3, see Definition 2.18.

We will establish a coarse equivalence between the two projections. But first we need a continuity lemma
for linear projections.

Lemma 4.1 ([IZ23, Lemma 13.4]). If S € Sr, then the map
(L,x) € Ls xC — L(x) € S

1S continuous.
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Proof. We first show that P(ker L) N C = () for all L € Lg. Suppose for a contradiction that L € Lg and
x € P(ker L) NC.

Proposition 2.17 implies that « € 9; C. Then Proposition 2.19 implies that [y, ] C 9; C for every y € 9S. Next
fix y1,y2 € 95 such that (y1,y2) C S. Then y1,x,yo form a half triangle. By Theorem 1.5, y1,z,y2 € 95 for
some S € Sr. Since z € S C Span(S), x ¢ ker L, a contradiction.

Thus P(ker L) NC = 0 for all L € Lg.

Now suppose that lim,, oo (Ln,*,) = (L,2) in Lg x C. Let 2,7 denote lifts of x,,,z respectively such
that lim,,_,~ Z,, = Z. Then

L(Z) = lim L,(Z,) € R%.

n—r oo

Since P(ker L) N C = 0, we have L(z) # 0. So
L(x) = [L@)] = lim [Ly(@)] = lim Ly(z,). 0

n—oo
Now the proof of equivalence.

Proposition 4.2 ([I1Z23, Proposition 13.7]). There exists 6y > 0 such that: if S € S, H is a set of S-
supporting hyperplanes, and x € C, then

max do(Lsx(z),p) < d1.
pETs(x)

Proof. Since S has finitely many I' orbits (see Proposition 3.3), it is enough to prove the result for some
fixed S € S.
Suppose the proposition is false. Then, for every n > 0, there exist x, € C, a set of S-supporting
hyperplanes H,,, and p, € ms(x,) such that
dQ(pn7LS,’H,L (-Tn)) >n.

Let m,, be the midpoint of the projective line segment [p,, Lg 3, (z5)] in the Hilbert distance. Since Stabr(.S5)
acts co-compactly on S (see Proposition 3.3), translating by elements of Stabr(S) and passing to a subse-
quence, we can assume that m := lim,_, ., m, exists in S. Passing to a further subsequence and using
Proposition 2.21, we can assume that there exists x,p,2’ € 9;C and Lgy € Lg where z := lim,,_,o0 Zn,
p = lim, o0 Pp, @' :=limy, oo L n, (@), and Lg g := lim, o Lg%, . By Lemma 4.1,

Lsy(z) = lim Lgy, (z,) =2’
n—roo
We first show that [2/,2] C 0;C. Observe that Lgy(v) = &’ for all v € [2/,2] since Lg y is linear and
Lgy(x') =a" = Lgy(x). But Lg () =S, implying [2/,2] N Q = (. Hence,
[2',z] C &;C.
Next we show that [p,z] C 0;C. Suppose not, then (p,x) C C. Choose any v € (p,z) N C and a sequence
Up € [pn, Zy] such that v = lim,_, s v,. Since p € 8;C and v € C,
lim do(vp,pn) = 0.
n—oo
Fix any vg € S. Then, choosing n large enough so that dg(v,,pn) > 2+ da(v,vs) and dg(v,v,) < 1,
do(xn,vs) < dg(xn,vyn) + do(va,v) + da(v, vs)
= d(l(xnapn) - dQ(pn; Un) + dSl(%ﬁ 'U) + dQ(U, US)
< dﬂ(xnypn) -1,

which is a contradiction since p,, € wg(x,,). Hence, [p,z] C 0;C.

Thus, [p,z] U [z,2'] C 0;C and by construction, m € (p,z) C C. Thus the three points p, z,z’ form half
triangle in C. Then Theorem 1.5 part (7) implies that p,z,2’ € 95 for some S € Sp. Then &’ = Lgy(z) =
which implies [p,z] = [p, 2] C &;C. This is a contradiction since (p,z) C C by construction. O

The next result proves §-slimness of some special triangles built using linear projections.
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Proposition 4.3 ([I1Z23, Proposition 13.9]). There exists 3 > 0 such that: ifxr €C, S€ S, z € S, and H
is a set of S-supporting hyperplanes, then the geodesic triangle

[x,z] U [Z,LS’H({E)} U [Lgﬁy(x),ac]
18 Oo-thin.

Proof. Since S has finitely many I' orbits (see Proposition 3.3), it is enough to prove the result for some
fixed S € S. By [1Z23, Lemma 13.8], it is enough to show that there exists d; > 0 such that

[Lsn(x), 2] C Noyya(lz, 2] U [z, Lsp(2)))
forall x € C, z € S, and H a set of S-supporting hyperplanes.
Suppose such a d2 does not exist. Then, for every n > 0, there exist z, € S, a set of S-supporting
hyperplanes H,,, pn := Lsn, (), and u,, € [zn, pn] such that
dQ(una [Znaxﬂ] U [xfhpn]) > n.

Since Stabr(S) acts co-compactly on S, translating by elements of Stabr(.S) and passing to a subsequence,
we can assume that u := lim,,_, o u, exists and u € S. Passing to a further subsequence and using Proposition
2.21, we can assume there exist z,z,p € C and Lsy € Lg where x = limy, o0 T, 2z = limy_ o0 2p,
p = limy,_yo0 Pn, and Lg g = limy,_ o Lgx, . Since

nh~>Holo do (U7 [xn, Zn] U [an,pn])

> lim (dg(un, [T, 2n] U [Zn, pn]) — da(u, un)) = 00,

n—oo
we have
[, 2] U[z,p] C 0;C.
By construction, u € (p,z) C C. Thus, p,z, z form a half triangle in C.
By Theorem 1.5 part (7), p,z,z € 9S for some S € Sp. Lemma 4.1 then implies that

p= lim p, = lim Lgy, (v,) = Lsn(z) ==z.
n—oo n— oo

Thus [p, z] = [p, ] C 9;C which is a contradiction since (p,z) C C by construction. a
Let 61 and 05 be the constants as in Propositions 4.2 and 4.3.

Proposition 4.4 ([IZ23, Proposition 13.10]). Set d3 := 61 +3d2. Ifx € C, S € S, H is a set of S-supporting
hyperplanes, and z € S, then dg (LS,H(.Z'), [x, z]) < 3.
Proof. By Proposition 4.3, the geodesic triangle

[,2] U [z, Ley(x)] U[Lsn(x),x]

is do-thin. Thus, there exist y € [Lg(2), 2], y1 € [z, Lsx(x)], and ys € [z, 2] such that do(y,y1) < d2 and

da(y,y2) < d.
We claim that do(Ls w4 (x),y1) < 81 + d2. Choose any p € mg(x). Since [Lgy(z),2] C S,

dQ(x7p) = dQ(l’, S) < dQ(x7y)
Then, using Proposition 4.2,

do(z, Lsx(z)) < da(z,p) + da(p, Lsxn(z)) < do(z,y) + d1.

Then,
da(Lsn (), y1) = da(Lsn(x), ) — da(y1, )
< da(z,y) + 61 — da(y1, 2)
<dq(y,y1) + 01 < 02 + d1.
Hence,

do(Ls (), [x,2]) < do(Lsu(r),y2)
< da(Ls(r),y1) +da(y1,y) + da(y, y2)
< 81 + 362 = 3. 0
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Our next goal is to prove if the distance between the linear projections of two points onto a simplex
S € § is large, then the geodesic between the two points spends a significant amount of time in a tubular
neighborhood of S. This is accomplished in Corollary 4.6 using the next result.

Proposition 4.5 ([I1Z23, Proposition 13.11]). There exists a constant 64 > 0 such that: if S € S, H is a set
of S-supporting hyperplanes, z,y € C, and do(Ls (), Ls(y)) > 04, then

do(Lsu(x), [2,y]) < b1 and do(Lsu(y).[z,y]) < da.

Proof. Observe that the linear projections are I'-equivariant, that is,

LgS,gH ©g=4go LS,?—L

forany g €T, S € S, and H a set of S-supporting hyperplanes. Moreover, by Proposition 3.3 there are only
finitely many I'-orbits in S. Thus, it is enough to prove this proposition for a fixed S € S.

Suppose the proposition is false. Then, for every n > 0, there exist z,,y, € C and a set of S-supporting
hyperplanes H,, with

da(Lsu, (Tn), Lsw, (yn)) > n
and
da(Lsm, (T0), [Tn, Yn]) = n.
Let ay, := Ls, (wn) and by, := Ls ¢, (yn). Then pick ¢, € [an,by] such that

(10) da(cn,an) = n/2.
Then,
(11) dQ(Cna bn) Z dQ(CLn, bn) - dﬂ(cn7 an) Z ’I’L/2
and
(12) do (cn, [mn,ynD > dg (am [;vn,yn]> —dal(en,an) > n/2.
Since Stabr(S) acts co-compactly on S (see Proposition 3.3), translating by elements of Stabr(S) and
passing to a subsequence, we may assume that ¢ := lim, o ¢, exists and ¢ € S. After taking a further
subsequence, we can assume that the following limits exist in C: a := limy,_ o0 ap, b = limy, 00 by, T :=

limy, oo Ty and y 1= limy, o0 Yn-

We now observe that a,b,z,y € 9;C. Equation (10) and (11) imply that a,b € 9; C. Equation (12) implies
that [x,y] C 0;C.

We claim that x € Fo(a) and y € Fq(b). Since ¢, € S, by Proposition 4.4, there exists a, € [z, ¢,] such
that do(a,,a’,) < d3. Up to passing to a subsequence, we can assume that a’ := lim,,_, a/, exists in C.
Observe that a’ € 0;C since

lim dg(al,,c) > lim (dg(an,cn) —da(en,c) — dQ(an,a;)) = oo.

n—oo n—oo
Since al, € [zp, cnl,
a €0 CNx, = {x}
Thus, lim,_,« a}, = . Since lim,_,« a, = a and dg(an,al,) < d3, Proposition 2.2 implies that x € Fqu(a).
Similar reasoning shows that y € Fq(b).

Since [z,y] C 8;C, Proposition 2.1 part (4) implies that [a,b] C 8,C. This is a contradiction since ¢ €
(a,b)NC # 0. O

Corollary 4.6 ([I1Z23, Corollary 13.12]). If S € S, H is a set of S-supporting hyperplanes, R > 0, x,y € C,
and do(Lsn (), Lsa(y)) > R+ 244, then:

(1) there exists [xo,yo] C [x,y] such that [xq,yo] C Na(S;ds),
(2) [Lsp(x), Lsn(y)] € Na([z,y];04), and,
(3) diamg (NQ(S; 54) N [:r,y]) > R.
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Proof. Since do(Ls (), Lsw(y)) > 04, Proposition 4.5 implies that there exists x,yo € [z, y] such that
do(Lsn(x),z0) <04 and da(Ls#(y),v0) < da.
By Proposition 2.11,
T ([xmyo], [Ls(z), LS,H(Q)]) < 04
and, by convexity, [Lg (), Lsx(y)] C S. This proves parts (1) and (2). To prove part (3), observe that
da(zo,90) > do (Lsu(2), Lsu(y)) — da(Lsx (), z0) — da(Lsx(y), yo)
> R.
Then, diamg (NQ(5;54) N [:v,y]) > do(2o, y0) > R. O

4.2. Strongly Isolated Simplices implies Relative Hyperbolicity. For the rest of this section fix a
convex co-compact group I' < Aut(2) for which (Cq(T),dq) has strongly isolated simplices. Set C := Cq(T)
and S := Sr.

We will prove that (1) = (2) in Theorem 1.4, that is, (C,dq) is a relatively hyperbolic space with
respect to Sp. Since (C, dq) has strongly isolated simplices, the results of Section 4.1 hold. For each S € S,
fix a set Hg of S-supporting hyperplanes. Consider the family of projection maps

IIs := {LS,’H S eSS H= HS}
and the geodesic path system
G :={lz,y]: 2,y €C}

on C. By Theorem A.8, it is enough to verify that Ils is an almost projection system and that S is
asymptotically transverse-free relative to G. We complete this in the next two subsections (cf. 4.3 and 4.4).

4.3. Ils is an Almost Projection System. Let d3 be the constant in Proposition 4.4.
Lemma 4.7 ([1Z23, Lemma 13.13)). If S € S, H a set of S-supporting hyperplanes, x € C, and z € S, then
do(z, 2) > da(z, Lsy(x)) + da(Lsn(z), 2) — 245.
Proof. By Proposition 4.4, there exists ¢ € [z, 2] such that do(Lg #/(z),q) < d3. Then,
do(z,2) = da(z, q) + da(q, 2) = da(z, Lsu(z)) + da(Lsn(z), 2) — 265 O

Lemma 4.8 ([IZ23, Lemma 13.14]). There exists a constant d5 > 0 such that: if S # S € S and H is a set
of S-supporting hyperplanes, then
diamQ(Lsyy(S/)) < 5.

Proof. Since S is strongly isolated, for every r > 0 there exists D(r) > 0 such that
(13) diamgq <NQ (Sl;r) N MNo (Sg,?")) < D(r)

for all S1, S5 € S distinct.
Let d4 be the constant in Proposition 4.5. Set 5 := D((54) + 204 + 1. Fix 2,y € S’ and suppose for a
contradiction that do(Ls (), Ls#(y)) > d5. Then, by Corollary 4.6,

diamg (/\/Q(S; 84) N S’) > diamg (NQ(S; 54) N [x,y]) > D(8,) + 1.
which contradicts Equation (13). O

Let 6; and 4 be the constants in Proposition 4.2 and 4.5 respectively.

Lemma 4.9 ([IZ23, Lemma 13.15]). If z € C, S € S, H is a set of S-supporting hyperplanes, and R :=
do(z,S), then

diamg <LS,H (Bg(x, R) N c)) < 8(64 4+ 61).
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Proof. Fix y € Bo(z, R) NC. We claim that
da(Ls#(x), Ls#(y)) < 4(4 4 01).

It is enough to consider the case when do(Lgs 3 (z), Ls#(y)) > d4. Then by Proposition 4.5, there exists
z’ € [z,y] such that do(Lgx(x),z’) < d4. By Proposition 4.2,

dQ(.’L‘,y) <R= dQ(fL‘ﬂTs(CL‘)) < dg(x,LS’q.[(x)) + 61.

Then,
do(2',y) = da(z,y) — da(z,2") < do(z, Lsx(z)) — da(z,2') + 61
< da(Lsnu(r),2") + 01
< 64+ 61.
Thus,

do(Lsnu(2),y) < do(Lsu(z),2') + da(a’, y) < 204 + 61
Since Lg 3 (x) € S, using Proposition 4.2 again,

da(y, Lsu(y)) < da(y,7s(y)) + 01 < da(y, Lsu(w)) + 1
< 2(0y4 + 01).
Finally

do(Lsw (), Ls(y)) < da(Lsa(z),2") + da(2’,y) + da(y, Lsx ()
4

(04 + 61). u

4.4. S is Asymptotically Transverse-free relative to G. This section is essentially the proof of [1Z23,
Theorem 13.16]. Let d4 be the constant in Proposition 4.5. We will show that exists I' > 0 such that for
each A > 1 and k > 24, the following holds: if 7 C C is a geodesic triangle whose sides are in G and is
S-almost-transverse with constants x and A, then 7 is (I'A)-thin.

Suppose such a I' > 0 does not exist. Then, for every n > 1, there exist k,, > 204, A, > 1, and a
S-almost-transverse triangle 7,, C C with constants ,, and A, such that 7, is not (nA,)-thin. Let a,, by,
and ¢, be the vertices of Ty, labeled in a such a way that there exists u,, € [an,b,] C T, with

(14) dq (un, [an, cn] U [cn, bn]) >nA, > n.

Then the geodesic triangles 7,, are also S-almost-transverse with constants 264 and A,, since Kk, > 204.

Since I' acts co-compactly on C, translating by elements of I' and passing to a subsequence, we can
assume that u := lim,,_,, u, exists and u € C. By passing to a further subsequence, we can assume that
a = 1My o0 Gn, b := lim,,_yo0 by, and ¢ := lim, o ¢, exist in C. By Equation (14),

[a,c]Ule,b] € 0, C

whereas, by construction, u € (a,b) C C. Thus, the points a, b, ¢ form a half triangle. Then, by Theorem 1.5
part (7), there exists S € Sr such that a,b,c € 9S.

Fix a set of S-supporting hyperplanes H. Let a], := Lgx/(ay), b,
Up to passing to a subsequence, we can assume that the limits o’ := lim, o a
¢ = lim, o ¢, exist. By Lemma 4.1,

:= Lgy(by), and ¢}, := Lgx(cy).
ry b= lim, 00 b, and

a'= lim Lgsy(a,) = Lsx(a)=a.

n—oo
Similarly, ¥ = b and ¢ =c.
Since a,b,c form a half triangle, the faces Fq(a'), Fo(V'), and Fu(c'), are pairwise disjoint. Then, by

Proposition 2.2,

lim dg(al,,b),) = oo.

n—oo
Thus, for n large enough, Corollary 4.6 part (2) and part (3) implies
(15) (a7, 0] € Na([an, bu]; d4)
and

(16) diamg (NQ(S; 82) N [an, bn]) > dg(d,,b,) — 264.

n’»-n
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Since Ty, is S-almost-transverse with constants 26, and A,,, by Equation (16),

(17) da(an,by,) < Ay + 205

Similarly, for n large enough,

(18) [, c.] C Na([bn,cnl;d2) and da(bl,,cl) < A, + 204
(19) [, an] € Na([en, anl; 64) and  do(c),,al,) < A, + 204.

Let m2®, m’, and m® be the Hilbert distance midpoints of [a/,, )], [0, c.], and [c),, a!,] respectively. By
Equations (15), (18), and (19), there exists w2, w?®, and wS® in [an,by], [bn,cn], and [cn, a,] respectively
such that:

do(wi?, me) < by, do(wh,mi?) <64, and do(wi,mg) < .

Then,
do(wy’, wy®) < da(wy’,my’) + da(mg?, myy) + da(my’, wy?)
< 04+ da(mg, by,) + da (b, my) + 6
_ 35, Soltath) + ot )
<464 + A, (by Equations (17) and (18))
Similarly,
(20) do(wb, we) < A, + 46, and do(ws, w™?) < A, + 46,.

Then, for n large enough, the triangles 7;, are (A, + 4d,)-thin, since
g o ([an, we?), [an, w;a]) <A, + 484,
dQHausS([bn)wZCL by, wgb}) < A, + 404, and
g s ([Cm W), [en, wff]) < A, + 464,

Since A,, > 1, we have A,, +404 < (14404)A,,. Thus, for n large enough, 7, is (I'A,,)-thin for I := 1 + 44,4,
which contradicts the assumption that 7, is not (nA,,)-thin.

4.5. Proof of Theorem 1.4. For the rest of the section suppose that I' < Aut(2) is a convex co-compact
group. Set C := Cq(T") and let Sr be the family of all maximal properly embedded simplices in C of dimension
at least two.

(1) implies (2). See Section 4.2.

(2) implies (1). This follows from Theorem A.5 part (1).

(1) and (2) implies (3). Suppose (C,dq) is relatively hyperbolic with respect to Sr. Equivalence of (1)
and (2) implies that (C,dq) has strongly isolated simplices. Then, by Theorem 1.5 part (1), there exists
m € N such that

(21) SI‘ = |_|;n:11—‘ . Sl

Theorem 1.5 part (2) implies that for each i € {1,...,m}, there exists an Abelian subgroup A; < T of rank
at least two such that A; acts co-compactly on S;. We will show that T is a relatively hyperbolic group with
respect to the subgroups {A1,..., Ay}

Fix p € C. Since I acts co-compactly on C, Milnor-Svarc lemma implies that the orbit map F : (T,dg) —
(C,dq) defined by F(g) = g-p is a quasi-isometry . Here dg is a word metric on I" obtained by fixing a finite
generating set S of T'.

Since A; acts co-compactly on S; for 1 < i < m, there exists R > 0 such that

sup sup do™™S(gA;-p,gS;) <R.

gel 1<i<m
Then equation (21) implies that up to modifying the map F by a bounded quantity determined by R, we
can assume that

F{gA;:gel,1<i<m})=65r.
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Then by Proposition A.4, (I',dg) is a relatively hyperbolic space with respect to the collection of left cosets
{gA;: g €T,1<i<m}. This completes the proof.

(3) implies (2). Suppose that I' is a relatively hyperbolic group with respect to a collection of subgroups
{H.,..., Hy} each of which is a virtually Abelian group of rank at least two. For each 1 < j < k, let A; < H;
be a finite index Abelian subgroup with rank at least two. Then, by definition, I" is a relatively hyperbolic
group with respect to {41,..., Ax}.

Fix some zg € © and consider the orbit map F : (I',dr) — (C,dq) defined by F(g) = g - ¢. By Milnor-
Svarc lemma, F is a quasi-isometry. Let G : C — T be a quasi-inverse. Fix a word metric dp on I'. We will
use the following notation: if U C I" and r > 0, let

Nr(U;r):={g el :dr(q,U) <7}

and diamp(U) = Sup{dr(gbg\z) 191,92 € UL
For each 1 < j < k, let A; be a maximal Abelian subgroup of I' that contains A;. By Theorem 2.25,
there exists a properly embedded simplex S; C C such that A; < Stabp(S;), A; acts co-compactly on S,
and Aj; has a finite index subgroup isomorphic to Z4m(S5) - Since A; (and hence A;) has rank at least two,
this implies that dim S; > 2.
Claim 4.10. (C,dq) is a relatively hyperbolic space with respect to
So:={gS;:9€Tl,1<j <k}

Proof of Claim. We claim that A; < A\j has finite index and hence A; also acts co-compactly on S;. By
Observation 2.12, the metric space (S;,dq) is quasi-isometric to RIMSi S0, by the fundamental lemma

of geometric group theory [BH99, Chapter I, Proposition 8.19], (Ej,dr) is also quasi-isometric to R4™ S5
Since dim S; > 2, Theorem A.5 part (2) implies that there exists m >0, g; € ', and 1 < i; < k such that

/Alj C Nr(gjAi;r1).
Then
diamp (/\/F(ngij;ﬁ) ﬁNp(Aj;rl)) > diamp (A;) = co.
So Theorem A.5 part (1) implies that g;A;; = A;. Then,
A; C Ne(Aj;m)
and hence A; < Ej has finite index.
Then, using the fact that A; acts co-compactly on S;, there exists ro > 0 such that F(gA4;) C Nq(gS;;r2)

)
and G(gS;) C Nr(gAj;r2), for all g € I and 1 < j < k. Then, by Theorem A.5 part (3), (C,dq) is relatively
hyperbolic with respect to Sp. (]

In order to finish the proof, we will now show that Sp = Sr.
We first show that Sy C Sp. Suppose S € Sy is properly contained in a maximal properly embedded
simplex S’. Then, by Theorem A.5 part (2), there exists S € Sy such that

S c S CNa(S"; M).

This implies that diamg (N (S”'; M) N Nq(S; M)) = co. Then Theorem A.5 part (1) implies that S"” = S,
ie. 8" C Nq(S;M). Hence, dim(S’) < dim(S) which is a contradiction since S” properly contains S.
For proving Sp C Sy, we first need the following claim.

Claim 4.11. If S € Sy and z € 95, then Fq(z) = Fe(x) = Fs(x).

Proof of Claim. Fix S € Sp. Recall that since I" is a convex co-compact subgroup, Fo(z') = Fe(a’) for any
2z’ € 8;C. Then, as in the proof of Proposition 3.5, if x € 85, then the claim fails only when

We will prove that Fg(z) = 0F¢(z) by induction on dim(Fs(x)).

Base case: dim(Fg(z)) = 0.
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Then z is a vertex of S. Suppose the claim fails, i.e. 0Fs(x) G 0Fc(x). Let wo € OF¢(x) \ Fs(x). Then
(wo,x) NS = (. Otherwise, if there was z”” € (wg, x) NS, then Observation 2.13 would imply that

Fs(2") = SN Fo(z") = SN Fo(x) = Fs(x) = {x},
that is ” = z, a contradiction.
Then, we fix w € (wo,x) C Fo(x) such that M + 1 < dp,m)(w,z). Set Ry := dpyq)(w,z). Let us
label the vertices of S as vq,...,v, where m = dim(S) + 1 and v; = z. By Proposition 2.14, S’ :=
ConvHullg (w, v, ..., vy) is a properly embedded simplex in C such that dg s/, S) < R,,. Observe that

S" ¢ Na(S; M).

Indeed, if S C Nq(S; M), then applying Corollary 2.3 to w € 95’, we get s € 85 such that w € Fq(s) and
dpg(s)(w,s) < M. Since w € Fo(x), this implies that x € F(s). Since x,5 € 9S and z is a vertex of S,
s = . Thus dp, () (w,z) < M, a contradiction.
Then, by Theorem A.5 part (2), there exists S; # S € S such that S’ C Nq(S1; M). Then we have
S" C Nao(S; Ry) NN (S1; M)

which implies that diamg (Nq(S; Ryw) NN (S1;2M)) = oo for distinct 5,51 € Sp. This contradicts Theorem
A5 part (1), as C is a relatively hyperbolic space with respect to Sp. This completes the proof in the base
case.
Induction step: Suppose the proposition is true when dim(Fg(z)) = k for some k > 0.
Now suppose dim(Fg(z)) = k + 1. Let y € 0F¢(x). We will show that y € 0Fs(z). For n > 1, choose
Yn € (y,x) such that dp,(g)(yn, ) = n.

Let us label the vertices of S as v1, ..., v, where m = dim(S) + 1 and v; = z. By Proposition 2.14,

Sp := ConvHullg (yn, va, . . ., Um)

is a properly embedded simplex in C of dimension at least two and do™"*(S, S,,) < n. Then, by Theorem
A5 part (2), there exist T,, € Sy such that

S, C NQ (Tn; M)
for each n > 1. Then
S C No(Tp; M +n).
Since diamg (Nq(Ty; M +n) NNg(S; M +n)) = co, Theorem A.5 part (1) implies that S = T,, for all n > 1.
Since S,, C Nq(S; M) and y,, € 9S,,, Corollary 2.3 implies that for each n > 1, there exists z, € SN Fo(yn)
such that dp,y,)(Yn, 2n) < M. Since y, € Fo(x), 2, € 05 N Fo(x) and dp, (2)(Yn, 20) < M. Up to passing
to a subsequence, we can assume that z, — z € S. By Proposition 2.2,
(VRS FFQ(I)(Z) = FQ(Z)
Observe that z € 0Fg(x) = 0S N 0Fq(z) since

dpg () (2, 2) = 1 dpg () (2, 20) > 1 dpg () (2, Yn) = A (@) (Yns 2n)

> lim (n — M) = oo.

n—r00
Since z € OFs(z), Fs(z) C 0Fs(x). Then
dim(Fgs(z)) < dim(0Fs(x)) = dim(Fg(z)) — 1 = k.
The induction hypothesis then implies that Fo(z) = Fg(z). Thus,
y € Fs(z) C 0Fs(x).
Hence OF¢(x) C OFs(x) which finishes the proof of this claim. O

Now fix any S € Sp. By Theorem A.5 part (2), there exists M such that S C Nq(Sp; M) for some
So € So. If ¢ € 95, then Corollary 2.3 implies that there exists qo € 9Sp such that ¢ € Fq(qo). Since
So € So, the above claim implies that Fo(qo) = Fs,(go) C 9Sp. Thus ¢ € 9Sy. This implies that S C 9.5y,
that is, S C Sy. Since S is a maximal properly embedded simplex, S = Sy and S € Sy. This finishes the
proof that Sy = Sr. Then, by Claim 4.10, C is a relatively hyperbolic space with respect to Sr.
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APPENDIX A. RELATIVELY HYPERBOLIC GROUPS

Relatively hyperbolic groups generalize fundamental groups of finite volume non-compact hyperbolic man-
ifolds. There are several equivalent definitions due to Bowditch, Farb, and Drutu-Sapir to name a few. In
this section, we will follow the approach taken by Drutu-Sapir in [DS05]. For this, we recall the notion of
asymptotic cones and asymptotically tree-graded metric spaces.

Definition A.1. Suppose w is a non-principal ultrafilter, (X,d) is a metric space, (z,) is a sequence of
points in X, and (T';,) is a sequence of positive numbers with lim,, I';, = co. The asymptotic cone of X with
respect to (x,) and (T},), denoted by C,, (X, x,,T,), is the ultralimit lim, (X,T,1d,z,).

For more background on asymptotic cones, see [Dru02].

Definition A.2 ([DS05, Definition 2.1]). Let (X,d) be a complete geodesic metric space and let S be a
collection of closed geodesic subsets (called pieces).
(1) We say that (X,d) is tree-graded with respect to S if:
(a) every two different pieces have at most one common point.
(b) every simple geodesic triangle (a simple loop composed of three geodesics) in X is contained in
one piece.
(2) We say that (X,d) is asymptotically tree-graded with respect to S if all its asymptotic cones, with
respect to a fixed non-principal ultrafilter, are tree-graded with respect to the collection of ultralimits
of the elements of S.

Using asymptotically tree-graded metric spaces, we now introduce the definition of relatively hyperbolic
spaces and groups respectively.
Definition A.3 ([DS05]).

(1) A complete geodesic metric space (X, d) is relatively hyperbolic with respect to a collection of subsets
S if (X, d) is asymptotically tree-graded with respect to S.

(2) A finitely generated group (G, S) is relatively hyperbolic with respect to a family of subgroups {Hx, ..., Hy}
if (G,dg) is relatively hyperbolic with respect to the collection of left cosets {gH; : g € G,i =
1,...,k}

Relative hyperbolicity is well-behaved under quasi-isometries.

Proposition A.4. Suppose (X,dx) is a relatively hyperbolic space with respect to Sx and [ : (X,dx) —
(Y,dy) is a quasi-isometry. Then, (Y,dy) is a relatively hyperbolic space with respect to Sy := f(Sx).

We will require the following results about relatively hyperbolic spaces.

Theorem A.5. Suppose (X,d) is a relatively hyperbolic space with respect to S.
(1) [DS05, Theorem 4.1] For any r > 0 there exists Q(r) > 0 such that: if S1,S52 € S are distinct, then

diamy (NVx (S1;7) NNx (S2;7)) < Q(r).
(2) [DSO05, Corollary 5.8] If A > 1, B > 0, and f : R¥ — X is an (A, B)-quasi-isometric embedding,
then there exists M = M (A, B) such that: if k > 2, then there exists some S € S such that
F(RY) € Nx(S; M).

(8) [DS05, Theorem 5.1] If (Y,dy) are complete geodesic metric spaces and f : X — Y is a quasi-
isometry, then (X,dx) is relatively hyperbolic with respect to S if and only if (Y,dy) is relatively
hyperbolic with respect to f(S).

We end this section by stating a characterization of relative hyperbolicity due to Sisto [Sis13]. In order
to state his characterization, we introduce two notions: “almost-projection system” and “asymptotically
transverse-free with respect to a geodesic path system”.

Definition A.6 ([Sis13]). Let (X,d) be a complete geodesic metric space and S a collection of subsets of
X. A family of maps IIs = {mg : X — S}ses is an almost-projection system for S if there exists C' > 0 such
that for all S € S:

(1) if z € X and p € S, then d(z,p) > d(z,7s(z)) + d(7s(z),p) — C,
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(2) diamx 7g(S’) < C for all S,5" € S distinct, and
(3) if x € X and d(z, S) = R, then diamx ms(Bx(z,R)) < C.

Definition A.7 ([Sis13]). Let (X,d) be a complete geodesic metric space and S a collection of subsets of

X.

(1) A geodesic triangle T in X is S-almost-transverse with constants k and A if

diamx (NMx (S;8) Ny) <A

for every S € S and edge v of T.
(2) The collection S is asymptotically transverse-free relative to a geodesic path system G if there exists

L,

o such that for each A > 1,k > o the following holds: if T is a geodesic triangle in X whose

sides are in G and is S-almost-transverse with constants x and A, then 7 is (I'A)-thin.

We finally state Sisto’s characterization of relative hyperbolicity.

Theorem A.8 ([Sis13, Theorem 2.14]). Let (X,d) be a complete geodesic metric space and S a collection
of subsets of X. Then the following are equivalent:

(1) X is relatively hyperbolic with respect to S,
(2) S is asymptotically transverse-free relative to a geodesic path system and there exists an almost-
projection system for S,

In [Sis13], the theorem is stated for path systems instead of geodesic path systems. But his methods also
imply this result, see [1Z23, Appendix] for details.
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